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Summary 
A modified version of the multiscale turbulence 

model of Hanjalic has been applied to the problem of 
supersonic jets exhausting into still air. In particular, 
the probleni of shock-cell decay through turbulent 
interaction with the mixing layer has been studied 
for both mildly interacting and strongly resonant jet 
conditions. The modified Hanjalic model takes into 
account the nonequilibrium energy transfer between 
two different turbulent spectral scales. The turbu- 
lence model was incorporated into an existing shock- 
capturing, parabolized Navier-Stokes computational 
model in ordcr to perform numerical experiments. 

The resiilts show that the two-scale turbulence 
model provides significant improvement over one- 
scale models in the prediction of plume shock struc- 
tiire for underexpanded supersonic (Mach 2) and 
sonic (Mach 1) jets. For the supersonic jet, excel- 
lent agreenicnt with experiment was obtained for the 
centerline shock-cell pressure decay up to 40 jet radii. 
For the sonic jet, the agreement with experiment was 
not as good, but the two-scale model still showed sig- 
nificant improvement over the one-scale model. It 
is shown that by relating some of the coefficients in 
the turbulent-transport equations to the relative time 
scale for transfer of energy between scales, the two- 
scale model can provide predictions that bound the 
measured shock-cell decay rate for the sonic jet. 

Introduction 
Over the last several years, significant progress 

has heen niade toward developing an understand- 
ing of and a predictive capability for the dominant 
physical processes in turbulent supersonic jets. Ad- 
vances in  conipiitational fluid dynamics have pro- 
duced niimerical models, such as the SCIPVIS code 
of Dash and Wolf (ref. l), which can quantitatively 
predict niany of the details of the shock-cell struc- 
ture, the turbulent mixing with an external stream, 
and the subsequent decay of the shock-cell strength 
as the result of shock/mixing-layer interactions. The 
fundamental understanding of such phenomena has 
been enhanced through the development of ana- 
lytical models such as that of Tam, Jackson, and 
Seiner (ref. 2 ) ,  which is based on a linear solution 
for the sliock-cell structure that uses the method 
of niultiple-scale asymptotic expansions. Although 
the numerical models are generally more useful for 
qiiantitativc predictions, particularly for nonlinear 
problems, the analytical wave models can more read- 
ily provide inforniation on the spectral components 
of the flow field. Both models have proven to  be 
iisefiil for predictions related to broadband shock 
noise (refs. 2 to 4) for mildly underexpanded and 

mildly overexpanded plumes. The SCIPVIS code can 
also give accurate predictions of the near-field plume 
shock structure for highly underexpanded and highly 
overexpanded cases so long as the flow field is domi- 
nated by inviscid processes. 

However, for situations in which strong interac- 
tions between the shock structure and large-scale 
turbulent structure are suspected to occur (refs. 2 
and 3),  neither model adequately predicts the shock- 
cell decay. In such situations, the relative wave- 
lengths of the turbulent and inviscid structures are 
such that acoustically stimulated production of large- 
scale structures is believed to occur and the plume 
decays or collapses rapidly after a few shock cells. 
The turbulent processes are in some ways similar 
to the breakup frequently observed in low-speed jets 
and shear layers that results from the instability of 
the flow. In each case, a mechanism for the trans- 
fer of energy between different scales of turbulence is 
required to explain the phenomenon. 

The numerical model of reference 1 and the an- 
alytical model of reference 2 use turbulence models 
that are based on the assumption that there is a spec- 
tral distribution of turbulent eddies that remains in 
equilibrium. For the equilibrium assumption to hold, 
the time scales for the transfer of energy between dif- 
ferent turbulence scales must be much different than 
the time scales associated with the overall production 
and dissipation of turbulence. In such cases, only a 
single spectral scale need be considered, because the 
spectral distribution does not change over the time 
scale of interest. However, when these time scales are 
not greatly different, it appears that some modeling 
of multiscale turbulence effects is needed. 

Hanjalic, Launder, and Schiestel (ref. 5) proposed 
a turbulence closure scheme employing two or more 
independently calculated time scales to describe the 
rates of different turbulent interactions. The model 
was tested with relatively good success for several 
classes of boundary-layer, free-shear, and jet-mixing 
problems. Chen (refs. 6 and 7) adapted the model 
to the problems of confined swirling-jet and recircu- 
lating flows with good results. The Hanjalic model 
adapted by Chen follows the transport formulation 
of references 8 and 9, with the addition of new equa- 
tions to describe the transfer of energy between the 
two scales. Wilcox (ref. 10) has proposed a two- 
scale closure model which decomposes the Reynolds 
stress tensor into “large” and “small” eddies and 
has applied the model with good success to sev- 
eral houndary-layer and shear-flow problems. Each 
of these models appears to have some merit when 
studying problems for which a multiscale spectrum 
of turbulence is expected to be important. How- 
ever, the Hanjalic model adapted by Chen appears 



to be somewhat simpler to implement in numerical 
jet models such as the SCIPVIS code. 

In the present paper, the multiscale tiirhiilence 
model of Hanjalic is applied to the problem of super- 
sonic jets exhausting into still air. In particular, the 
problem of shock-cell decay through turbulent inter- 
action with the mixing layer is addressed for both 
mildly interacting and strongly resonant jet condi- 
tions. A typical flow field for an underexpanded, 
shock-containing, supersonic jet plume is shown in 
figure 1. The Hanjalic model was incorporated into 
the SCIPVIS code so that numerical experiments 
could be performed. The approach was to formu- 
late a two-scale set of parabolized turbulent-energy 
and dissipation-rate transport equations that were 
essentially identical to the one-scale, two-equation 
model of references 8 and 9 that was already con- 
tained within the SCIPVIS code. This approach re- 
quired the addition of two new transport equations 
to describe the transfer of energy between scales. It 
is similar to the approach of Chen but is applied here 
to the steady, parabolic flow equations. The compu- 
tational model was then applied to several experi- 
mental test cases from reference 3. 
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E T  dissipation rate of turbulent 
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Turbulence Models 
Most of the numericil models which have been 

applied to predict the flow and heat transfer in jet- 
mixing problems are of the finite-difference type. 
These solve the time-averaged partial differential 
equations governing the turbulent transport of heat, 
mass, or species concentration using a finite-difference 
numerical approach. The equations describing the 
mean flow-field quantities for turbulent free shear 
are well known (e.g., see Tennekes and Lumley 
(ref. 11)). The mean flow equations for steady-state, 
two-dimensional flows may be expressed as 

for continuity and 

for momentum or energy conservation, where r may 
stand for either of the velocity components (U  and 
V ) ,  total enthalpy H ,  or a species concentration 4); 
p is the molecular viscosity, and pr is the thermal 
coefficient. The corresponding source term Sr is 
given by 

-S ,y=r - 
J a p  d X  1 

- S v = r  J d P  - 1 
dr  

(3) 

In the preceding equations, J = 1 for axisymmetric 
flows and J = 0 for planar flows. The turbulent 
stresses (y = u, v) or turbulent heat or concentration 
fluxes (y = h, 4 )  are represented by Vy. 

The derivation of equation ( 2 )  is based on the 
assumption that terms involving density and pres- 
sure fluctuations can be neglected compared with 
the turbulent transport terms. This assumption fol- 
lows Morkovin’s hypothesis, that the density fluctu- 
ation p’ has a small effect on turbulence structure if 
p’ /p  << 1 and allows the use of an incompressible 
turbulence model in a compressible flow for M < 5 
in a boundary layer and for M < 1 in a mixing layer 
(refs. 12 and 13) .  

To close equations ( 1 )  and ( a ) ,  additional equa- 
tions must be prescribed to model the turbulence 
terms, and this is the main purpose of most turbu- 
lence models. Most turbulence closure schemes for 
shear flows follow Boussinesq’s eddy-viscosity con- 
cept, which assumes that turbulent stresses and heat 
and concentration fluxes are proportional to the nor- 
mal gradient in r. Thus, the diffusion terms Vy may 
be expressed as 

- dU 
-puv=pt-  

d r  

(4) 

In general, for y # v, - ~ y  = pg. r 
The turbulent viscosity f i t  is not a fluid property. 

Its value varies from point to point in the flow field 
and depends on the state of turbulence. 

One-Scale Model 

The additional closure assumption that is re- 
quired is a model for pt. One of the most widely 
used models for the distribution of pt is the ICs 
(two-equation) turbulence model. According to this 
model, 

Pk2 
Pt = Cp- 

E 
(5) 

where fi represents the velocity scale for the large- 
scale turbulent motion, E is the rate of dissipation of 
the turbulent kinetic energy, and C, is a coefficient 
t o  be prescribed. The distributions of k and E 

are obtained from the solution of partial differential 
equations, which have the same form as equation ( 2 ) ,  
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and the turbulent diffusion fluxes are obtained from 
equations (4) by subhtuting k or E for H .  The 
rate of generation of turbulent kinetic energy (pro- 
duction) by the interaction of turbulent stresses with 
mean velocity gradients is given by 

a u 
P=uV- 

d r  - (7) 

This model is based on the assumption that the 
flows considered are fairly close to a spectral equi- 
librium. Here, only one time scale is considered, 
and the times associated with the transfer of energy 
between different spectral regions are assumed to be 
negligible. 

In the present paper, the more elaborate k ~ 2  
turbulence model of Rodi (refs. 14 and 15) is used. 
The constants and coefficients for this model (from 
ref. 15) are as follows. 
For planar flows, 

k 

- c, = o.o9g(E/E) 
Cp;! = 1.94 
Cpl = 1.40 

PI, = 1.0 
PE = 1.3 

where 

and where the function g(p/E) is shown in figure 2. 
The constants and coefficients for axisymmetric flows 
are the same as for planar flows except for the 
following: 

C, = O.O9g(p/E) - 0.05347 

Cp2 = 1.94 - 0.13367 

where 
- 
f = 0 for rL  > 0 

Rodi found that C, is not a constant value; it varies 
significantly with the local rate of turbulence pro- 
duction divided by the rate of dissipation. Figure 2 

4 

shows Rodi’s proposal for the dependence of the func- 
tion g on PIE (C, is proportional to 9) .  This function 
was derived for thin shear layers based oil correlation 
of experimental data in which E was significantly dif- 
ferent than E ,  and its use has been shown to signif- 
icantly improve the ability of the model t o  predict 
weak shear flows. 

A compressibility correction function to improve 
the calculated results using k ~ 2  (incompressible tur- 
bulence model) for supersonic jets and shear layers 
was proposed in reference 16. The compressibility- 
corrected viscosity is given by 

Pt = K(M,)C,- Pk2 
E 

where K(M,) is the correction function and M,, the 
turbulence velocity-scale Mach number, is defined as 
d a .  In this expression, k,, is the maximum 
value of k at a given axial location (across the profile) 
and a is the local speed of sound at the radial 
location where k is the maximum. Figure 3 shows 
the variation of K(A4,) with respect to MT (from 
ref. 1).  Hereinafter, the ke2 turbulence model with 
the compressibility correction function is referred to 
as ke2-cc. 

Two-Scale Model 

The basis of the approach used to  model multi- 
spectral turbulence scales is described in detail in 
references 5 to 7. This two-scale model takes into 
account the nonequilibrium spectral-energy transfer 
mechanism. The key to the two-scale model is the 
recognition that, although the one-scale dissipation 
and kinetic-energy equations contain both produc- 
tion and dissipation terms, these processes occur in 
different spectral regions. The turbulent-energy pro- 
duction occurs in the large eddies in the flow, but 
dissipation phenomena involve primarily the smaller 
scales. 

Essentially, the kinetic energy is divided into three 
regions: large-scale energy production, intermediate 
energy transfer, and small-scale dissipation. At high 
Reynolds numbers, the energy content of the dissipa- 
tive eddies is negligible. Thus, the turbulent kinetic 
energy may be divided into two parts: the large-scale 
production eddies k p  (containing low-wave-number 
eddies), and the high-wave-number transfer eddies 
kT. Energy leaves the low-wave-number (produc- 
tion) region at a rate of ~p and enters the high- 
wave-number region at  a rate of E T .  To simplify the 
modeling procedure, it has been assumed that spec- 
tral equilibrium exists between the transfer region 
and the dissipation region ( E  = E T ) .  This assump- 
tion results from considering only a single transfer 



mechanism between two spectral scales. If more than 
one production scale and/or multiple transfer regions 
were considered, the overall dissipation E would not 
be in equilibrium with a single transfer region. 

The basis for the two-scale model is shown by 
the tank-and-tube analogy in figure 4. The amount 
of energy involved in transfer processes (shown as 
a tank of level kT) is controlled by the difference 
in dissipation, ~p - ET. Production of turbulence 
- P feeds the kinetic energy tank that is designated 
kp.  The level of energy in each tank is represented 
by k p  (production) and kT (transfer); &p and ET 
are the valve restrictions of the corresponding tanks. 
Therefore, the time constants associated with filling 
the production and transfer tanks can be written as: 

72 C P l  CPZl c T 1  
Hanjalic $ 2.2 1.8 1.08 
(ref. 5) 

and the time-scale ratio is 

c T 2  pt 
1.15 0.090* 

(9) 

(refs. 6, 7) 
Present 

The value of T may be used to represent the rel- 
ative rate of turbulent-energy transfer between the 
large-scale (production) region and intermediate- 
scale (transfer) region. 

Following the previously described onescale model 
formulation, the distributions of k p ,  kT, ~p and ET 
are obtained from the solution of partial differential 
equations, which have the same form as equation (2) 
with 

$ 1.4 2.0 1.15 1.8 2 (0.099- 
0.053 f) 

The values of the constants and coefficients used for 
the present calculations and the values used in the 
original Hanjalic model (ref. 5) and the Chen version 
of the model (refs. 6 and 7) are listed in table 1. Also, 

the following relations were used: 

1 PkT = P k p  = 
PET = PEP = 1.22 

R - 1  
cP2=cP21+cP22(R+1) (12) 

Cp22 = -0.3 

These relations were the same as for the previ- 
ous models except for the compressibility correction 
K(M,) ,  for which a value of one was used in the 
previous work. The constants used in the present 
study closely follow those of Chen but have been 
modified somewhat such that in the limit, k p  --+ kT 
and ~p + ET, the constants match the single-scale 
ks2 model contained in the SCIPVIS code. It is not 
claimed in this paper that these constants should be 
viewed as universal values without further validation 
against experiment. Within the context of this pa- 
per, the two-scale version of ke2 is referred to as 
k~2-2S and the two-scale version of k ~ 2  with the com- 
pressibility correction function (ke2-cc) is referred to 
as ks2-2s-cc. 

Table 1 

I+ I 1.6 I 1.8 11.15 11.8 2 10.090 
EP 

Chen 

Modified SCIPVIS Model 
The k~2-2S and ka2-2s-cc turbulence models, de- 

scribed above, were incorporated into the SCIPVIS 
code to provide a computational framework for test- 
ing the importance of two-scale effects. The SCIPVIS 
code solves the steady-state, parabolized Navier- 
Stokes equations (streamwise diffusion terms ne- 
glected) by a spatial-marching numerical scheme. 
Utilizing the mapped coordinates, E and v ,  given by 
the simple rectangular transformation (see ref. l), 
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where ru and rL are the boundaries of the jet solu- 
tion domain, equations (1) and (2) can be expressed 
in the following vector form: 

where 

f =  

F = B  

I 
U 
V 
H 

k 
E 

-- 
kT 
E T  

E =  

- AE BF1- AE 

J 
r 

G j  = GI - AE - -F1 

0 

0 
i3P 

(0 - 

f ( E P  - ET) 
P (CTlEP - CT2ET) 

A =  ( 1 - d % + ? &  
Tu - TL 

1 B = -  
TU - r L  

For the two-scale models, k ~ 2 - 2 S  and ks2-2S-cc, k p  
should replace k and ~p should replace E in the 
preceding vectors. 

In the case of the one-scale model, the f, E, 
F, F1, and G j  arrays contain only the first seven 
dependent variables, and kT takes a value of zero. 

Thus, the only change to the SCIPVIS model needed 
to incorporate the two-scale turbulence model is the 
addition of two transport equations to describe the 
transfer processes. 

The solution of these equations is accomplished 
by using a two-step predictor-corrector explicit algo- 
rithm with as the marching direction. Switching 
between hyperbolic (supersonic, unknown pressure) 
regions and parabolic (subsonic, known pressure) re- 
gions is illustrated by the parameter a. In supersonic 
regions, (Y = 1; in subsonic regions, a = 0. This ap- 
proach allows elliptic effects (upstream influence) t o  
be taken into account in subsonic regions by spec- 
ifying the pressure from an auxiliary solution (e.g., 
solution of the potential equation). However, in this 
study, the external pressure was assumed to be con- 
stant, and elliptic effects were neglected. Further de- 
tails on the numerical SCIPVIS model are given in 
reference 1.  

Solution of the mapped steady conservation equa- 
tions requires a knowledge of the initial conditions in 
order to perform the spatial integration. For the cal- 
culations presented in this paper, initial conditions 
were specified at  the start of the jet (corresponding to 
a nozzle exit) as a “top hat” profile (Le., uniform jet 
properties for r 5 r j  and uniform free-stream prop- 
erties for r > r j .  The initialization of turbulence 
properties is described in the next section. 

Results and Discussion 
The multiscale (two-scale) model of Hanjalic et al. 

has been tested in various boundary-layer and free- 
shear flows (refs. 5, 13, and 17). Chen tested his 
version of the two-scale model for predicting recir- 
culating flows (ref. 6) and confined swirling-jet flows 
(ref. 7). The comparisons made in refs. 5, 6, 7, and 17 
have perhaps served to show the advantages of in- 
cluding the spectral character of turbulence in tradi- 
tional second-order closure. 

In this section, one-scale and two-scale turbulence 
closure models are used in the SCIPVIS code to 
predict the interaction of an imperfectly expanded 
supersonic jet (1 < M j  < 2) with the surround- 
ing external stream. Because of numerical limita- 
tions in the SCIPVIS code, calculations could not be 
made with the external Mach number at exactly zero. 
Therefore, all calculations presented here are for an 
external stream at Mach 0.25. Sensitivity studies 
showed that varying this arbitrary value by as much 
as fO.1 produced no significant effect on the center- 
line properties. 

Throughout this paper, the experimental data are 
taken from the report of Norum and Seiner (ref. 18). 
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The following two test cases were selected for study: 
1. Underexpanded, cold-air, supersonic jet; 

2. Underexpanded, cold-air, sonic jet; 
M j  = 2.0, Pj/Pa = 1.45. 

M j  = 1.0, Pj/Pa = 1.62. 

Results for both cases are presented in reference 1 for 
the one-scale models. Those results include calcula- 
tions, which are also included here for completeness, 
made with the kW model of Spalding (ref. 19) for 
the supersonic jet. The details of the initial profiles 
and other numerical parameters used for those calcu- 
lations were not available; therefore, both cases were 
recalculated for the present study to ensure that com- 
parisons with the two-scale results would be made for 
the same initial conditions. 

In both cases, there is no information available 
regarding initial turbulence levels. For the present 
calculations, the initial profiles of k, E ,  k p ,  kT, ~ p ,  
ET and W are obtained from the mixing-length model 
based upon the mean-flow profile. The mixing-length 
model relates pt to the local gradient through the 
relation. 

where C is an initial mixing-length scale estimated 
from spread rates for incompressible shear layers (see 
ref. 20 for details). 

Assuming I'/E = 1, then 

The two turbulent quantities, k and E ,  may then be 
used to estimate the initial profiles for the two-scale 
quantities, kp ,  kT, ~ p ,  and ET. A nonequilibrium 
initial state for the turbulence level was assumed. 
For convenience in describing the initial two-scale 
distributions, the following relations are defined: 

a 

a + b  
k p  = -(k 

b 
a + b  

kT = -(k 

E p  = E 

where b,  c, and d are constants with a value of 0.5 
and where a = 1 in most cases. The absolute values 
of a, b,  c, and d are also used as limiting values of 
k p ,  kT, ~ p ,  and ET outside the mixing shear layer of 

the jet. Since the actual values of kp,  kT, ~p and ET 
are determined from the discretized initial profiles 
of U ,  the magnitudes of initial turbulence and dis- 
sipation may depend strongly on the profile shape 
and number of radial grid points. The effect of these 
initial values is shown subsequently for the sonic jet. 

The spatial integration of equation (14) is pro- 
vided by SCIPVIS with its several integration op- 
tions (parabolic, partially parabolic, hyperbolic, and 
hy perbolic/parabolic) . 

Underexpanded, Cold-Air, Supersonic Jet; 
M j  = 2.0, Pj/P, = 1.45 
In this section, the calculated results using the 

k ~ 2 - c ~ ~  k~2-2S-cc, and kW (one-scale) models are 
compared with the plume experimental data. Identi- 
cal initial data are used for three different calculated 
results (i.e., with the same integration options, initial 
profile, and number of nodes along the radial axis T ) .  

In figure 5, the measured centerline static pres- 
sure illustrates the decaying shock structure that 
occurs as a result of the interaction of the shocks 
with the growing mixing layer. The jet is oper- 
ated at a pressure ratio of 1.45, which corresponds 
to a fully expanded Mach number of 2.24, and is 
issued from a convergent-divergent nozzle with a de- 
sign Mach number of 2. Figure 6 shows a comparison 
of the results predicted using the different turbulence 
models with the measured streamwise pressure vari- 
ation along the jet centerline. This figure shows that 
the k ~ 2 - c ~  turbulence model (fig. 6(a)), incorporated 
with the SCIPVIS code, predicts the pressure varia- 
tions up to the first five shock cells and significantly 
underestimates the rest of the shock-cell decay. The 
same observations have been made by Dash and Wolf 
(ref. 21) for this k ~ 2 - c ~  model, which indicates that 
the growth of the mixing region and turbulent dis- 
sipation are not properly modeled using the k ~ 2 - c ~  
one-scale model. 

Figure 6(b) shows the calculated results using the 
ka2-2S-cc model compared with the measured data. 
This comparison shows that, using the k~2-2S-cc 
turbulence model, the prediction of centerline pres- 
sure variations is much improved over k ~ 2 - c ~  model 
predictions. The shock-cell spacings and pressure 
amplitudes agree extremely well up to 40 jet radii. 

Finally, figure 6(c) shows the calculated results 
and comparisons with experiment using the kW tur- 
bulence model. The kW model also shows excellent 
agreement with experiment as was also observed in 
reference 1. The agreement with experiment for both 
a one-scale (kW) model and a two-scale (k~2-2S-cc) 
model indicates that multiscale effects are probably 
not very important in this Mach 2 case. In fact, 
all three models predict the overall axial decay in 
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peak shock-cell pressures reasonably well, although 
there is considerable disagreement in phase in the 
axial direction for the k&cc results. 

Comparisons of turbulence intensity between 
ke2-cc and kW model predictions and experiment 
have been presented in reference 3 and reasonably 
good agreement has been obtained. The present two- 
scale model gives similar agreement. However, be- 
cause of the limited amount of data available, no con- 
clusion can be drawn as to which model provides bet- 
ter prediction of turbulence intensity. For the Mach 2 
jet, it is concluded that the centerline pressure pre- 
dictions are not extremely sensitive to the details of 
turbulence in the near-field mixing region. 

Underexpanded, Cold-Air Sonic Jet; 
M j  = 1.0, Pj/Pa = 1.62 

The experimental results shown in figure 7 are 
for the underexpanded condition (Pj/Pa = 1.62) for 
a sonic nozzle (ref. 3). This pressure ratio corre- 
sponds to a fully expanded Mach number of 1.37, 
and this figure shows that the measured data ap- 
pear to decay abruptly after the fifth shock cell 
( x / r j  > 10). Although there are no flow-field data 
available to explain this uncharacteristic rapid de- 
cay, acoustic data obtained under similar jet condi- 
tions suggest that such phenomena may be caused 
by acoustic resonance. Further supporting measure- 
ments have shown that for jets exhibiting strong res- 
onance behavior, the jet-plume shock structure de- 
cays rapidly beyond the jet potential core. In such 
cases, it is postulated that acoustic waves generated 
by the shock-cell structure feed upstream through the 
subsonic portion of the mixing layer at  a frequency 
that causes the rapid growth of turbulent instabilities 
which eventually dominate the plume structure. 

Basic model comparisons. As with most marching 
codes, SCIPVIS was not able to run with the exit 
Mach number set precisely at 1.0. A Mach number 
of 1.02 is used as an initial value for the calcula- 
tions discussed in this section. Figure 8 shows the 
results predicted with the k e 2 - c ~ ~  k&2-2S-cc, and kW 
turbulence models compared with measured center- 
line pressures. All three calculations show reason- 
ably good agreement up through the first five shock 
cells, although there is some disagreement in ampli- 
tude after the first cell. However, all three calcula- 
tions greatly underpredict the shock-cell decay after 
the fifth cell. Comparing the various calculated re- 
sults, the ke2-2S-cc and kW turbulence models show 
a faster shock-cell decay than the ke2-cc predictions, 
and the two-scale results show the most rapid de- 
cay of any of the models. It has not been determined 
that these disagreements with experiment are related 

only to turbulence modeling; they may also be caused 
by the limitations of the basic computational model. 
That is, if acoustic resonance is occurring through 
upstream influence in the subsonic portion of the 
mixing layer, elliptic effects (which are absent in the 
present calculations) must be considered. It is clear 
from these comparisons that none of the three turbu- 
lence models (ke2-2S-cc, k ~ 2 - c ~ ~  or kW) provide an 
accurate representation of the flow field of the sonic 
jet. 

The experimental results for underexpanded jet 
flows show that after the jet initial mixing region, 
the average static pressure falls below atmospheric. 
Near the end of the transition zone, there is a gen- 
eral recovery of the centerline static pressure (ref. 3). 
This phenomenon shows that the pressure in the sub- 
sonic region of the shear layer varies with x / r j .  The 
SCIPVIS code is constructed to solve the parabolized 
Navier-Stokes (PNS) equations and assumes that the 
pressure P in the elliptic (subsonic) zone is constant 
and equal to the upper boundary pressure of this 
region (atmospheric). Thus, the calculated static- 
pressure distribution shown in figure 8 always falls 
symmetrically on the atmospheric line. 

Eflect of compressibility. Based on the assumption 
that incompressible turbulence models may be used 
to solve mixing-layer compressible flows for turbulent 
Mach numbers close to and less than 1, it is worth- 
while to drop the compressibility correction function 
and repeat the calculation using the ke2 and k~2-2S 
turbulence models. Figure 9(a) shows the effect of 
dropping the compressibility correction on the results 
of the ke2 turbulence model for the sonic jet and fig- 
ure 9(b) shows the ke2 results compared with exper- 
iment. Even without the compressibility correction 
function, the k ~ 2  underestimates the turbulent mix- 
ing of the jet. Again, this indicates that the growth 
of the mixing region and turbulent dissipation are 
not properly modeled using the ke2 model. 

Figure 1O(a) shows the effect of dropping the com- 
pressibility correction on the calculated results us- 
ing the two-scale (ks2-2s) turbulence model. Fig- 
ure 10(b) shows the superposition of the calculated 
and measured pressure distributions. As can be seen, 
dropping the compressibility correction has a sig- 
nificant effect on the two-scale model predictions. 
The ke2-2s result shows a rapid decay in centerline 
pressure beyond the jet potential core and shows a 
very favorable improvement in the agreement with 
experiment compared with the ks2 result (compare 
figs. 9(b) and 10(b)). Even though the axial lo- 
cations of all shock cells do not match the experi- 
ment, it is clear that the two-scale turbulence model, 
k&2-2S, provides a better representation of the overall 
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shock-cell decay (and therefore the turbulent mixing) 
than either of the one-scale models ( k ~ 2  or kW). 

Figure 11 shows a comparison between the to- 
tal turbulent kinetic energies calculated using the 
ka2 (dashed line) and the ke2-2s (solid line) tur- 
bulence models. The k~2-2S calculation shows a 
rapid increase in total turbulent kinetic energy be- 
yond x / r j  = 15 which corresponds closely to the ob- 
served rapid decay in centerline static pressure. On 
the other hand, the k ~ 2  turbulence model calcula- 
tion shows a slow increase in centerline total kinetic 
energy. 

Eflect of initial conditions. At this point it is 
worthwhile to study the effect of the initial and lim- 
iting values of kinetic energy and dissipation (transfer 
region) on the calculated results of the ke2-2S turbu- 
lence model. Results for the following two additional 
cases are presented: 

1. Case 1--d = 0.125 ft2/sec3 (reduced ET) 

2. Case 2-b = 2 ft2/sec2 (increased kT) 

These cases correspond to a constant time-scale ratio 
T of 8, whereas a ratio of 2 was used for the previous 
calculations. The initial values of k p  and ~p assume 
the same values used in the previous calculations 
(Le., a = 0.5 ft2/sec2 and c = 1 ft2/sec3). The values 
of a ,  b, and c are used to calculate the initial profiles 
of kp,  kT, ~ p ,  and ET as described previously. 

Figure 12 shows comparisons between the center- 
line pressure distributions calculated for these two 
cases and the results shown previously for k~2-2S 
(fig. 10). In general, both cases with the higher time- 
scale ratio show a slight increase in the shock-cell de- 
cay over the original calculations. Case 2 (fig. 12(b)) 
shows a slightly faster decay in the centerline pres- 
sure than case 1 (fig. 12(a)) but appears to affect the 
amplitude of pressure (shock strength) in the near 
field of the jet (immediately after the first shock cell) 
earlier than it should. 

Figure 13 shows the variation of the time-scale 
ratio along the jet centerline for cases 1 and 2 com- 
pared with the original result. All three calculations 
produce approximately the same value of T in the 
far field ( x / r j  > lo). For case 2, however, the value 
of T starts increasing earlier ( x / r j  > 2.5) than for the 
other cases. This would appear to be related to the 
earlier turbulence mixing and decaying of the shock 
strength produced by this case. Based on these and 
similar calculations for other values of T, it may be 
speculated that the turbulence mixing of the plume 
is somehow related to  the time ratio T.  

Modified time-scale model. It is suggested in 
references 5 to  7 that some of the “constants” in 

the turbulent transport equations for k p ,  ~ p ,  kT, 
and ET may somehow vary with the production and 
transfer mechanisms. Based on the experimental 
data for the Mach 1 jet, it is obvious that some 
mechanism is needed to explain the rapid decay in 
centerline pressure for x / r j  > 10. To test the 
capability of the two-scale formulation to “model” 
such a mechanism, it would appear that one option 
is t o  relate one or more of the constants in the 
turbulent-transport equations to  the time ratio T.  
From the results shown in figure 13, it is seen that the 
predicted time ratio T drops to values less than one 
for x / r j  > 10. Therefore, the two-scale model was 
modified by replacing the term PET with F(T)~ET in 
the kT transport equation. The following arbitrary 
functions for F ( T )  are proposed in this study: 

k~2-2S-Tl 
1 ( T >  1) 
T ( T 5  1) 

F(T) = 

and 

k~2-2S-T2 

(19) 
1/T (T > 1) 
T ( T 5 1 )  

F(T)  = 

Each of these functions is constructed so as to de- 
crease the effective transfer dissipation for T < l and 
to thereby increase the transfer kinetic energy and, 
presumably, the turbulent mixing in the downstream 
region of the jet. 

Figure 14 shows a comparison between the center- 
line pressure predictions using the ke2-2S-T1 model 
and the k~2-2S model and between the k~2-2S-Tl  
model and experiment. In general, the k~2-2S-Tl 
model shows a slight improvement in the calculated 
results over the k~2-2S model. In the near field, 
both models have the same pressure variations; in 
the far field, there is a slight decrease in shock-cell 
spacing. Figure 15 shows a similar comparison of 
the ks2-2S-T2 results with k~2-2S and experiment. 
The ke2-2S-T2 model shows a very rapid decay in 
the centerline static pressure compared with ks2-2s 
and shows a faster decay than even the experimen- 
tal results. Figure 16 shows the comparison between 
total kinetic energy produced by k~2-2S, ke2-2S-Tl1 
and ka2-2S-T2 turbulence models. The k~2-2S-T2 
calculation shows a rapid increase in turbulence to- 
tal kinetic energy near x / r j  = 10, which corresponds 
closely to the observed rapid decay of centerline static 
pressure. On the other hand, the calculation of the 
ke2-2S turbulence model shows a slower increase in 
centerline total kinetic energy, which starts at about 
an z / r j  = 15. (The rise in centerline turbulent ki- 
netic energy occurs as the mixing reaches the axis of 
the jet.) 
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The k~2-2S-Tl and k~2-2S-T2 model results ap- 
pear to approximately bound the experimental cen- 
terline pressure distribution, at  least insofar as the 
overall pressure decay is concerned. However, none 
of the model predictions gives good results for both 
shock-cell decay and spacing. Since a major defi- 
ciency of the present computational model is the ne- 
glect of upstream influence of pressure disturbances 
on the turbulent mixing and shock interaction, it 
would be interesting to study these effects using a 
computational model that could fully account for 
these elliptic effects. For proper modeling of jet 
plumes where such strong resonance behavior occurs, 
such a computational model appears to be essential. 

Concluding Remarks 
In the present paper, a modified version of the 

multiscale turbulence model of Hanjalic is applied 
to the problem of supersonic jets exhausting into 
still air. In particular, the problem of shock-cell 
decay through turbulent interaction with the mix- 
ing layer has been addressed for both mildly inter- 
acting and strongly resonant jet conditions. This 
two-scale model takes into account the nonequi- 
librium spectral-energy transfer mechanism. The 
key to the two-scale model is the recognition that, 
while the one-scale dissipation and kinetic-energy 
equations contain both production and dissipation 
terms, these processes occur in different spectral re- 
gions. The turbulent-energy production occurs in 
the large eddies in the flow while dissipation phe- 
nomena involve primarily the smaller scales. Steady- 
state, parabolized versions of the Hanjalic model with 

(k~2-2s-cc) and without (k~2-2S) compressibility 
corrections were incorporated into the SCIPVIS code 
to provide a computational framework for testing the 
validity of the two-scale model. 

In general, this investigation has shown that the 
two-scale model provides significant improvement in 
the prediction of the plume structure for underex- 
panded supersonic (Mach 2) and sonic (Mach 1)  jets. 
For the supersonic jet case studied, excellent agree- 
ment was obtained with experimental data for the 
shock-cell pressure decay along the jet centerline up 
to 40 jet radii. For the sonic jet case, the agree- 
ment with experiment was not as good, but the two- 
scale model still showed significant improvement over 
one-scale turbulence model results. Although exact 
agreement was not obtained in the sonic jet, it has 
been shown that by relating certain coefficients in 
the turbulent transport equations to the relative time 
scale for transfer of energy between turbulent scales, 
the two-scale model can provide predictions that ap- 
proximately bound the experimental data. 

It has been suggested that the present turbu- 
lence model be incorporated into a computational 
model that can account for elliptic effects (e.g., 
global-relaxation parabolized Navier-Stokes or time- 
dependent Navier-Stokes methods). That is, in order 
to simulate the acoustic resonance occurring through 
upstream influence in the subsonic portion of the 
mixing layer, elliptic effects (which are absent in the 
present calculations) must be considered. 

, 

, 

NASA Langley Research Center 
Hampton, Virginia 23665-5225 
April 14, 1987 
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Figure 1. Typical flow field for underexpanded supersonic jet. 
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Figure 2. Variation of g with PIE for k ~ 2  turbulence model. (From ref. 1.) 
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Figure 3. Compressibility correction factor for k ~ 2  turbulence model. (From ref. 1.) 
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Figure 4. Tank-and-tube analogy for spectral transfer of turbulent energy. (From ref. 5 . )  
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Figure 5. Measured plume centerline pressure distribution for supersonic jet. Me = 2.24; M j  = 2.0; 
Pj/P, = 1.45. (Data from ref. 18.) 
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(a) ks2-cc turbulence model. 

Figure 6. Comparison of predicted and measured centerline pressure for supersonic jet. 
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(b) ks2-2s-cc turbulence model. 

Figure 6. Continued. 
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(c) kW turbulence model. 

Figure 6. Concluded. 
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Figure 7. Measured plume centerline pressure distribution for sonic jet. Me = 1.37; M j  = 1.0; Pj/P, = 1.62. 
(Data from ref. 18.) 
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(a) ke2-cc turbulence model. 

Figure 8. Comparison of predicted and measured centerline pressures for sonic jet. 
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(b) ks2-2s-cc turbulence model. 

Figure 8. Continued. 
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(c) kW turbulence model. 

Figure 8. Concluded. 
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(a) Comparison between ks2 and k~2-cc.  

Figure 9. Effect of compressibility correction on one-scale ks2 predictions for sonic jet. 
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(b) Predicted and measured. 

Figure 9. Concluded. 

23 



2.0 

1.6 

1.2 
P,atm 

.a 

.4 

0 

k~2-2S  
---------- kt.2-2s-cc 

A 

0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0 

(a) Comparison between ks2-2S and ks2-2s-cc. 

Figure 10. Effect of compressibility correction on two-scale ks2-2s prediction for sonic jet. 
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Figure 10. Concluded. 
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Figure 11. Comparison of total turbulent kinetic energy calculated using k ~ 2  and ks2-2S for sonic jet. 



(a) Effect of initial dissipation ET (case 1). 

Figure 12. Effect of initial conditions on predicted centerline pressures for sonic jet. 
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(b) Effect of initial kinetic energy kT (case 2). 

Figure 12. Concluded. 
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(a) Effect of initial dissipation ET (case 1). 

Figure 13. Effect of initial conditions on predicted centerline time-scale ratio for sonic jet. 
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(b) Effect of kinetic energy kT (case 2).  

Figure 13. Concluded. 

30 

I 

i 

1 



2.0 

1.6 

1.2 
P,atm 

.4 

0 
0 2.5 5.0 '7.5 10.0 12.5 15.0 17.5 20.0 

(a) Comparison between k~2-2S-Tl  and k~2-2S.  

Figure 14. Prediction of centerline pressures using modified two-scale model T1 for sonic jet. 
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(b) Predicted and measured. 

Figure 14. Concluded. 
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(a) Comparison between k~2-2S-T2 and k~2-2S. 

Figure 15. Prediction of centerline pressures using modified time-scale model T2 for sonic jet. 
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(b) Predicted and measured. 

Figure 15. Concluded. 
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